We study product integrability of functions with values in unital Banach algebras. The product integrals are understood in the sense of Kurzweil, McShane, or Riemann. In particular, we introduce new concepts of strong Kurzweil and McShane product integrals, and investigate their properties. We also provide necessary and sufficient conditions for product integrability of functions with countably many discontinuities.
Introduction
The concept of product integration goes back to V. Volterra (see e.g. [21, 17] where a = t 0 < t 1 < . . . < t m = b and ξ i ∈ [t i−1 , t i ], i ∈ {1, . . . , m}, is a tagged partition of [a, b] . As the lengths of the subintervals [t i−1 , t i ] approach zero, the value of the product (1.2) tends to a matrix which is called the product integral of A over [a, b] ; let us denote it by b a (I + A(t) dt). Now, if we consider the indefinite product integral W (t) = t a (I + A(s) ds), it can be shown that W is the solution of (1.1). Volterra observed that this procedure still works if A is no longer continuous but merely Riemann integrable; in this case, the indefinite product integral satisfies W (t) = I + where the integral on the right-hand side is the Riemann integral. Consequently, we have W (t) = A(t)W (t) almost everywhere in [a, b] . Later, the concept of product integral was extended to Lebesgue integrable functions A (see [13, 2, 17] ). On the other hand, P. R. Masani realized that the definition of the product For the basic properties of these integrals, see [16] . We also need the concept of Bochner integrability (see e.g. [16, Chapter 1] ), in particular the following facts:
• A strongly measurable function f : [a, b] → X is Bochner integrable if and only if the function f is Lebesgue integrable.
• • A function f : [a, b] → X is strongly McShane integrable if and only if it is Bochner integrable; in this case, the values of the integrals coincide (see e.g. [1, 3] ).
Note that in infinite-dimensional spaces, Riemann integrability does not necessarily imply Bochner integrability (see Example 4.4).
In the rest of the paper, we assume that X is a complete normed algebra with a unit element I whose norm is 1, i.e., it is a unital Banach algebra.
We occasionally use the following identity, which can be found in [15, Lemma 11] .
Lemma 2.1. For every n ∈ N and all x 1 , . . . , x n , y 1 , . . . , y n ∈ X, we have
Recall that in a unital Banach algebra X, we may introduce the exponential and logarithm function as follows:
These functions have similar properties as in the familiar case when X = R n×n , in particular:
1. The exponential and logarithm are continuous functions.
2. For every x ∈ X, exp x is an invertible element and its inverse is exp(−x).
3. If x, y ∈ X are such that xy = yx, then exp(x + y) = exp x exp y and log xy = log x + log y if all three logarithms are defined.
4. exp(log x) = x if x − I < 1, and log(exp x) = x if x < log 2.
5. We have the estimates
The first one follows immediately from the definition of the exponential function, and the second one can be found in [15, Lemma 13] . Let us prove the third one; according to (2.3), we have
and therefore
.
Product integrals and their strong versions
We start with the definitions of the Riemann, McShane and Kurzweil product integrals
Let us make the following agreement: If m ∈ N and x 1 , . . . , x m ∈ X, then the symbol 
for all δ-fine tagged partitions of [a, b] . In this case, P A is called the Kurzweil product integral of A and will be denoted by b a (I + A(t) dt). This integral is also known under the name Perron product integral. If Conversely, if the product integrals on the right-hand side exist for a certain c ∈ (a, b), then the product integral on the left-hand side exists as well and the equality holds.
• If More information on Riemann product integrals, including the proofs of the two properties from Remark 3.2, can be found in [12, 17] . Kurzweil product integrals were introduced in [11] , where they were called "Perron product integrals" and denoted by (PP) b a (I + A(t) dt); additional results can be found in [14, 20] . McShane product integrals were introduced in [15] , where they were referred to as "Bochner product integrals"; further results were obtained in [20] . In these sources, the Kurzweil and McShane product integrals are studied in the special cases X = R n×n or X = L(Y ), where Y is a Banach space; however, the proofs of the two properties from Remark 3.2 remain valid in all unital Banach algebras. Remark 3.3. Next, we summarize some more specific properties of the Riemann, McShane and Kurzweil product integrals:
• Riemann or McShane product integrability implies Kurzweil product integrability; this follows immediately from the definitions.
• A function is Riemann product integrable if and only if it is Riemann integrable; see [12, Section 5] or [17, Section 5.5 ].
• In Definition 3.1, we were assuming that P A is an invertible element of X. For the Riemann product integral, it turns out that this assumption is not necessary, i.e., if the products in (3.1) have a limit 
This property plays a key role in their proof that W (t) = A(t)W (t) almost everywhere in [a, b] . However, the original proof of the above-mentioned property is no longer applicable in infinite dimension; it depends on [11, Lemma 2.2], which holds if and only if the dimension is finite (see [19] 
for every δ-fine tagged partition of [a, b] . In this case, we define the strong Kurzweil product integral as 
As we will see later in the paper, the properties of strong product integrals are quite similar to the properties of finite-dimensional product integrals.
Note that if A is strongly product integrable, then the function W from Definition 3.4 is not unique (any function obtained from W by multiplying it from the right by an arbitrary invertible element of X has the same properties as W ). However, the next theorem shows that strong product integrability implies ordinary product integrability, and if W is an arbitrary function satisfying the conditions from Definition 3.4, then 
Now, we need the following estimate from [11, Lemma 2.1]: If y 1 , . . . , y m ∈ X are such that
By letting
It follows that
for every δ-fine tagged partition of [a, b] , which proves that the Kurzweil product integral exists and equals
Remark 3.6. The strong Kurzweil and McShane product integrals have the following properties:
• If the strong integral 
Indeed, strong product integrability on subintervals is a direct consequence of Definition 3.4, while the relation (3.3) follows from Theorem 3.5 and Remark 3.2.
• If A is strongly product integrable, then (3.2) holds with W (t) = t a (I + A(s) ds), i.e., it reduces to
The reason is that for every i ∈ {1, . . . , m}, A is strongly product integrable on [t i−1 , t i ], and it follows from Theorem 3.5 that
• If the strong integral According to the previous two facts, the function W from Definition 3.4 is necessarily continuous.
• If X = R n×n and A is Kurzweil/McShane product integrable, then it is also strongly Kurzweil/McShane product integrable (see [20, Theorem 14] ).
Next, we recall the definitions of the exponential product integrals and introduce their strong counterparts.
The following two definitions are motivated by the fact that
and it seems plausible that the higher-order terms do not contribute to the value of the product integral.
exists an invertible element P A ∈ X with the following property: For each ε > 0, there exists a gauge
for all δ-fine tagged partitions of [a, b] . In this case, P A is called the Kurzweil exponential product integral of A and will be denoted by 
for every δ-fine tagged partition of [a, b] . In this case, we define the strong Kurzweil exponential product integral as
If ( 
Remark 3.9. It is not our intention to develop a systematic theory of exponential product integrals; let us collect only some basic facts that will be needed later.
• 
where the integral on the right-hand side is the Bochner integral; for a proof of this fact, see [2, Theorem 1.2 and Section 1.8] (the original proof for X = R n×n remains valid in unital Banach algebras).
• If A is strongly Kurzweil/McShane exponentially product integrable, then it is also Kurzweil/McShane exponentially product integrable and the values of the integrals coincide. The proof is the same as the proof of Theorem 3.5; it is enough to replace all terms of the form
• If X = R n×n and A is Kurzweil/McShane exponentially product integrable, then it is also strongly Kurzweil/McShane exponentially product integrable (see [20, Theorem 14] ). 
for all ξ ∈ [a, b]. Then, for every δ-fine free tagged partition of [a, b], we get
and consequently 
Proof. We prove the statement concerning the Kurzweil integrals; the McShane version can be obtained in an analogous way. Clearly, it is enough to prove that A is strongly Kurzweil exponentially product integrable. 
Take an arbitrary ε > 0. There exists a gauge δ :
for every δ-fine tagged partition of [a, b] . Without loss of generality, we can assume the gauge is chosen so
Using the estimate (2.5), we get
for every δ-fine tagged partition of [a, b] . This proves that A is strongly Kurzweil product integrable and 
Without loss of generality, we can assume that b − a < ∆ (otherwise, we can split [a, b] into subintervals whose length is smaller than ∆). Take an arbitrary ε > 0. There exists a gauge δ :
for every δ-fine tagged partition of [a, b] . Without loss of generality, assume the gauge δ is chosen so that
which in turn means that
and also
Using the estimate (2.6), we get
i.e., A is strongly Henstock-Kurzweil integrable and
Our next goal is to show that every Bochner integrable function is strongly McShane product integrable. In the following lemma, the symbol µ stands for the Lebesgue measure in R.
Lemma 3.14. Assume that A : [a, b] → X is Bochner integrable. Then for every ε > 0, there is a gauge
for each pair of δ-fine free tagged partitions
Proof. 
for each pair of δ-fine free tagged partitions (t i , J i )
. Since A is Bochner and therefore also McShane integrable, we can assume that δ is chosen in such a way that
Consequently, using the estimate (2.5), we get 
Consider an arbitrary δ-fine free tagged partition (ξ i , Using the identity (2.3), we obtain the estimate
where the last inequality is a consequence of (3.7). According to the conclusion of Lemma 3.14, we get
By combining the previous estimate with (3.8), we obtain
which proves that A is strongly McShane exponentially product integrable.
Indefinite strong product integrals
In this section, we investigate the properties of the indefinite strong Kurzweil and McShane product integrals.
Also, we prove that strong McShane product integrability is equivalent to Bochner integrability. The proofs of Theorems 4.1, 4.6, and 4.7 are fairly straightforward adaptations of the proofs of Theorems 3.1, 3.3, and 3.4 from [11] , but we provide them here for reader's convenience. 
Proof. Let Z ⊂ [a, b] be the set of all t ∈ [a, b] for which (4.1) does not hold. For every t ∈ Z, there exist η(t) > 0 and sequences {x l (t)} ∞ l=1 and {y l (t)} ∞ l=1 such that
for all l ≥ l 0 (t). The collection of intervals {[x l (t), y l (t)]; t ∈ Z r , l ≥ l 0 (t)} is a Vitali cover of the set Z r . By the Vitali covering theorem, it contains a finite subsystem of intervals ([ξ j , η j ]) s j=1 for which
Consequently,
This inequality together with (4.2) yields
Since the expression on the right-hand side is a constant independent on the choice of the gauge δ, we get a contradiction with the assumption that A is strongly Kurzweil product integrable. 
whenever y ∈ (t, t + δ(t)). Dividing by (y − t), we get
and consequently
i.e., the right-sided derivative of W at the point t exists and equals A(t)W (t). A similar reasoning shows that also the left-sided derivative of W at t exists and equals A(t)W (t). • A is Riemann product integrable (because it is Riemann integrable) and therefore also Kurzweil product integrable.
• A is neither Bochner integrable nor strongly Kurzweil/McShane product integrable (because it is not strongly measurable).
• A is McShane product integrable. 
Note that ξ i ≥ τ implies t i−1 > ξ i − ε ≥ τ − ε, and therefore i; ξi≥τ
A lower bound for the same sum is obtained by finding an upper bound for i; ξi<τ (t i − t i−1 ). Now ξ i < τ implies t i < ξ i + ε < τ + ε. It follows that i; ξi<τ (t i − t i−1 ) < τ + ε, and consequently i; ξi≥τ
This proves 
An estimate for the first term can be obtained using identity (2.3):
To estimate the second term, we use inequality (2.5) together with (4.3), as well as the fact that X is a commutative algebra:
This confirms that the McShane product integral 
We remark that every function which satisfies the strong Luzin condition is necessarily continuous. 
Using the strong product integrability of A, we find a gauge δ :
for every δ-fine tagged partition of [a, b] . Without loss of generality, we can assume that δ(t) ≤ δ i (t) whenever
It follows from (4.4) that
which confirms that W satisfies the strong Luzin condition. 
Consequently, 
It follows that for every t ∈ [a, b]\Z and ε > 0, there exists a δ(t) > 0 such that
, and x < y. Hence, we also have
Next, we extend the domain of δ to the whole interval [a, b] by taking the function δ : Z → R + from Definition 4.5. Moreover, using the same argument as in the proof of Theorem 4.6, we can assume that δ is chosen in such a way that
Now, for every δ-fine tagged partition of [a, b], we obtain
Hence, A is strongly Kurzweil product integrable and
As an immediate consequence of Theorems 4.2, 4.6 and 4.7, we obtain the following characterization of strongly Kurzweil product integrable functions. • We have the following Hake-type theorem: Assume that the strong product integral Then A is strongly Kurzweil product integrable and
Proof. Denote Z = {z 1 , z 2 , . . .}. Take an arbitrary ε > 0. For every n ∈ N, let δ(z n ) > 0 be such that Next, consider an arbitrary t ∈ [a, b]\Z. As in the proof of the previous theorem, there exists a δ(t) > 0 such that
The function δ is now defined on [a, b] . For an arbitrary δ-fine tagged partition of [a, b], we get
Note that both W and W −1 are continuous, and therefore bounded. Hence, A is strongly Kurzweil product integrable and 
for every δ-fine free tagged partition of [a, b] . We fix one of these δ-fine free tagged partitions and let
Consider an arbitrary collection of non-overlapping intervals
By subdividing the intervals [u j , v j ] if necessary, it can be assumed that for every j ∈ {1, . . . , r}, we have
which proves that W is absolutely continuous. Finally, we prove the implication 3 ⇒ 4: Bochner integrability of A implies that A is strongly measurable, and also that A is Lebesgue integrable, which in turn means that A is Kurzweil product integrable. A simple consequence is that for step functions with finitely many steps, the strong Kurzweil and strong
McShane product integrals always exist and are easy to calculate. Indeed, if there is a partition a = t 0 < t 1 < · · · < t m = b and A(t) = A i ∈ X for all t ∈ (t i−1 , t i ), then 
Functions with countably many discontinuities
Our next goal is to obtain necessary and sufficient conditions for product integrability of functions with countably many discontinuities. This class includes every right regulated or left regulated function because these functions have only countably many discontinuities (see [8, Lemma 2.6] ). In particular, for s = t we get W (t) = A(t) • For X = R n×n , exponential Kurzweil/McShane product integrability is equivalent to Kurzweil/McShane product integrability. Is this still true in infinite-dimensional Banach algebras? We only know that the answer is affirmative for strong product integrals.
• Does Riemann product integrability imply McShane product integrability?
